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Using the positive energy theorem, we derive some constraints on static steller models in
asymptotically flat spacetimes in a general setting without imposing spherical symmetry. We
show that there exist no regular solutions under certain conditions on the equation of state.
As the contraposition, we obtain some constraints on the pressure and adiabatic index.
1. Introduction. In this Letter we consider certain constraints on general rela-
tivistic static steller models that are implied by the positive energy theorem,1) with-
out assuming spherical symmetry. Although it has been proven that a static star
is spherically symmetric under some reasonable assumptions,2) it is still interesting
to obtain the constraints without imposing any symmetries. This kind of argument
was first considered by Lindblom and Masood-ul-Alam3) (See also Ref.4)). In this
Letter we reconsider their argument and derive significantly stricter and different
constraints on the pressure and the adiabatic index.
The metric of a static spacetime is given by
ds2 = −V 2(x)dt2 + gij(x)dx
idxj. (1)
We consider steller models composed of a barotropic perfect fluid with energy density
ρ ≥ 0 and pressure P = P (ρ) ≥ 0. The Einstein equations and fluid equation for
such a system are given by
D2V = 4piV (ρ+ 3P ), (2)
Rij =
1
V
DiDjV + 4pi(ρ− P )gij , (3)
DiP = −
1
V
(ρ+ P )DiV, (4)
where Di and Rij are the covariant derivative and Ricci tensor of the metric gij(x).
Since we do not consider the existence of the event horizon, V is larger than zero
and smaller than unity. Equation (4) shows that P and ρ are regarded as functions
of V and the star surface corresponds to V = Vs. We denote the minimum value of
V inside the star as Vc. Then Vs and Vc satisfy the relation 0 < Vc < Vs < 1.
Asymptotic flatness requires that V asymptotically behave as
V =
(
1−
M
r
)
+O(r−2) (5)
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and the metric be given by
gij =
(
1 +
2M
r
)
δij +O(r
−2), (6)
where r =: |δijx
ixj |1/2 andM is the ADM mass. Because R = 16piρ ≥ 0, the positive
energy theorem shows the positivity of M .
In the next two sections, we consider the conformal transformation
g˜ij = ω
4gij , (7)
where we assume that ω is a function of V : ω = ω(V ). The Ricci scalar is transformed
as
R˜ =
1
ω4
[
R− 8
D2ω
ω
]
=
1
ω4
{
16pi
[
ρ− 2
ω,V
ω
V (ρ+ 3P )
]
−
8ω,V V
ω
(DV )2
}
, (8)
where ω,V = dω/dV and ω,V V = d
2ω/dV 2. We require ω(1) = 1, and thus the
asymptotic behavior of the conformally transformed metric becomes
g˜ij =
(
1 +
2M˜
r
)
δij +O(1/r
2), (9)
where the ADM mass M˜ of the conformally transformed spacetime is given by
M˜ =M(1 − 2ω,V (1)). (10)
We note that the conformally transformed spacetime has a non-positive ADM mass
if ω,V (1) ≥
1
2 .
2. Constraints on the pressure. Let us begin by deriving constraints on the
pressure. This problem is easier than in the case of the adiabatic index, and it is
useful to understand the strategy for obtaining constraints on that using the positive
energy theorem. We choose ω such that ω,V (1) ≥ 1/2 and ω,V V ≤ 0 for Vc ≤ V ≤ 1.
Then, if the inequality
P
ρ
<
1
3
(
ω
2V ω,V
− 1
)
(11)
is satisfied inside the star, we have R˜ ≥ 0 everywhere.
Now we can use the positive energy theorem. Because the ADM mass of the
conformally transformed spacetime is non-positive, it turns out that the conformally
transformed space is flat. Thus we have R˜ = 0, and Eq. (8) implies that V is
constant. Hence, Eq. (2) indicates ρ = P = 0, and Eq. (3) implies that Rij = 0.
Because the space is three dimensional, we have Rijkk = 0. Thus, the original space
is also Euclid space. As a consequence, we find that there is no solution of the static
steller models satisfying the inequality (11). In other words, Eq. (11) should be
violated at some point for any solution of static steller models.
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We consider the choice of ω that leads to the optimal condition. From Eq. (11),
it is expected that the optimal condition is realized when ω is maximal and ω,V is
minimal. Clearly, this corresponds to the choice
ω =
1
2
(1 + V ), (12)
because if we choose some other ω such that ω,V V < 0, the value of ω becomes
smaller than (1/2)(1 + V ), and ω,V becomes larger than 1/2.
Adopting Eq. (12), we obtain the following.
Theorem: Consider the static steller models given by the metric (1) in the asymptotically-
flat spacetimes. There is no solution satisfying
P
ρ
<
1− V
6V
. (13)
As the contraposition to this theorem, we also obtain the following: The solution of
the static steller models given by the metric (1) should violate the above inequality
at some point.
Strictly speaking, for the choice (12), R˜ = 0 does not necessarily imply DiV = 0
or ρ = P = 0, because we have ω,V V = 0. However, the constraint (13) is actually
derived as a limit of ω that satisfies ω,V V < 0. For example, one can choose ω =
−a(V − 1)2 + 12(V + 1) with a > 0 and substitute this into (11). Then, taking the
limit a→ 0, the constraint (13) is found.
Our result indicates that the gravitational potential V should not be very “deep”
in the case that the pressure P cannot take large values; i.e., the equation of state
is soft.
3. Constraint on adiabatic index. In the previous section, in order to keep the
condition R˜ ≥ 0, we introduced ω for which the relation ω,V V ≤ 0 is guaranteed
and derived some constraints by imposing the inequality ρ > 2(ω,V /ω)V (ρ + 3P ).
In this section, we take opposite approach: We introduce ω for which the relation
ρ ≥ 2(ω,V /ω)V (ρ+ 3P ) is guaranteed and derive some constraints by imposing the
inequality ω,V V < 0. We find that this procedure yields constraints on the adiabatic
index
γ =
ρ+ P
P
dP
dρ
. (14)
We choose the conformal factor ω = (1/2)(1 + V ) outside the star. Inside the
star, we choose
ω =
1
2
(1 + Vs)exp
(∫ V
Vs
f(x)
V n
dV
)
, (15)
where f(x) is the following function of x := P/ρ:
f(x) :=
(
V ns
1 + Vs
)
1
1 + 3x
. (16)
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In Eqs. (15) and (16), n is a constant satisfying
1 ≤ n ≤ nmax := 1 +
log 1+Vs2Vs
log VsVc
. (17)
The quantity ω,V = ωf(x)/V
n is continuous at V = Vs, because P ∼ ρ
γ and
x ∼ ργ−1 → 0 at the star surface. For this ω, we obtain
ρ− 2
ω,V
ω
V (ρ+ 3P ) = 2ρ
[
1
2
−
Vs
1 + Vs
(
Vs
V
)n−1]
≥ 0, (18)
where we have used the relation Vc ≤ V and the condition (17) for n. Then, calcu-
lating ω,V V , we find
V n+1
ω,V V
ω
=
f2
V n−1
− nf − (1 + x)
(
1−
1 + x
γ
)
f,x. (19)
Thus, if γ satisfies the inequality
γ <
−(1 + x)2f,x
V 1−nc f2 − nf − (1 + x)f,x
=
3(1 + x)2
F (n) + 3(1 − n)x
, (20)
the relation ω,V V < 0 holds, where F (n) is defined by
F (n) :=
Vs
1 + Vs
(
Vs
Vc
)n−1
− n+ 3. (21)
In the above, we have again used Vc ≤ V and Eq. (17). From the above, it is seen
that Eq. (8) implies R˜ ≥ 0 and M˜ = 0. Then, employing the same argument as
in the previous section, we find that the original space is a vacuum space, and thus
static steller models satisfying the inequality (20) do not exist, or equivalently, Eq.
(20) should be violated at some point if the solutions do exist.
Lindblom and Masood-ul-Alam proposed the constraint
γ <
3(1 + Vs)
2 + 3Vs
(1 + x)2, (22)
which corresponds to the n = 1 case in Eq. (20).3) By taking account of cases for
which n > 1, it is possible to derive a stricter constraint on γ. For this purpose,
we choose the value of n that minimizes the function F (n) in order to make the
right-hand side of Eq. (20) as large as possible. The derivative of F (n) is given by
F,n(n) =
Vs
1 + Vs
(
Vs
Vc
)n−1
log
Vs
Vc
− 1. (23)
In the case Vc ≤ Vs/ exp(
1+Vs
Vs
), F (n) takes its minimum value at n = 1 in the
range (17), because we have F,n(nmax) > F,n(1) > 0. In this case, the constraint we
obtained on γ is the same as that derived by Lindblom and Masood-ul-Alam, (22).
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Next, we consider the case Vs/ exp(
1+Vs
Vs
) ≤ Vc ≤ Vs/ exp(2). In this case, we
have F,n(nmax) > 0 > F,n(1). Thus, F (n) takes its minimum value at a value of n
between 1 and nmax. This minimum is located at
n∗ = 1−
log
(
Vs
1+Vs
log VsVc
)
log VsVc
, (24)
and for this value of n, we have
F (n∗) = 2 +
1 + log
(
Vs
1+Vs
log VsVc
)
log VsVc
. (25)
Finally, we study the case Vs/ exp(2) ≤ Vc. In this case, the minimum value of
F (n) is located at n = nmax, because 0 > F,n(nmax) > F,n(1). The minimum value
of F (n) is
F (nmax) =
5
2
−
log 1+Vs2Vs
log VsVc
. (26)
We can summarise the above results in the following
Theorem: Let us consider the static steller models in the asymptotically flat and
static spacetime given by the metric (1). Let Vc be the minimum value of V and Vs
be the value of V at the surface of the star. Then there exists no solutions with the
adiabatic index satisfying
γ <


3(1 + Vs)
2 + 3Vs
(1 + x)2,
(
Vc ≤
Vs
exp 1+VsVs
)
,
3 log VsVc (1 + x)
2
2 log VsVc + 1 + log
(
Vs
1+Vs
log VsVc
)
(1 + 3x)
( Vs
exp 1+VsVs
≤ Vc ≤
Vs
exp(2)
)
6 log VsVc (1 + x)
2
5 log VsVc − 2 log
1+Vs
2Vs
(1 + 3x)
.
( Vs
exp(2)
≤ Vc
)
(27)
As the contraposition to this theorem, we have the following: In the asymptotically
flat and static spacetime, the static steller models given by the metric (1) violate the
inequality (27) at some point if the solutions exist.
We now comment some brief remarks. In the case Vs/ exp(2) ≤ Vc, the minimum
value of F (nmax) is negative for Vc > Vs
(
2Vs
1+Vs
)2/5
. Thus, F (n) becomes zero for
some value of n satisfying 1 < n < nmax. Then, the contraposition to the theorem
asserts that γ must be larger than infinity at some point, which is, of course, impos-
sible. Thus, we find that there may exist a solution of static steller models only in
the case
Vc < Vs
(
2Vs
1 + Vs
)2/5
. (28)
This condition is somewhat stricter than the simple condition Vc < Vs. Applying the
same argument for the case Vs/ exp(
1+Vs
Vs
) ≤ Vc ≤ Vs/ exp(2), we find that solutions
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may exist only in the case
log
Vs
Vc
(
Vs
Vc
)2
>
1 + Vs
exp(1)Vs
(29)
from the requirement F (n∗) > 0. Because the above inequality is satisfied for Vs >
1/(2e5 − 1) ≃ 0.0034 in the region Vs/ exp(
1+Vs
Vs
) ≤ Vc ≤ Vs/ exp(2), the condition
(29) excludes only a tiny portion of this region.
Next we consider the Newtonian limit. In this limit, the relation 0 < 1 − Vs <
1− Vc ≪ 1 and x≪ 1 hold. Then, the contraposition to the theorem asserts that γ
must satisfy
γ ≥
61−Vc1−Vs − 6
51−Vc1−Vs − 6
(30)
at some point. From this inequality, we can conclude at least the following three
statements: (i) the static solution is allowed only for 1−Vc1−Vs ≥ 6/5; (ii) for arbitrary
allowed values of Vc and Vs, γ must become larger than 6/5 at some point; (iii) for
the solution of the constant adiabatic index γ = γ∗, the relation
1− Vc
1− Vs
≥
6γ∗ − 6
5γ∗ − 6
(31)
must hold. Because a Newtonian static star is stable only for γ > 4/3,5) the right
hand side of the inequality (31) takes a value between 6/5 and 3 for stable stars.
The derived universal condition γ > 6/5 is quite close to the Newtonian result
for the stability condition, γ > 4/3. We believe that these two analyses are closely
related, because the proof of the present theorem is based on the positive energy
theorem, which has a close connection to the stability of spacetimes. However,
elucidating this connection is beyond the scope of this Letter, and a direct approach
based on perturbative analysis is needed.
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